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We compare two competing conjectures of the color confinement in QCD, the monopole condensa- 
tion and the Abelian dominance, and show that it is the monopole condensation which is responsible 
for the confinement. To demonstrate this we present a new gauge invariant integral expression of 
the one-loop QCD effective action which has no infra-red divergence. With this we show that, just 
as the GSO-projection restores the supersymmetry and modular invariance in NSR string theory, 
the color reflection invariance ("the C-projection") assures the gauge invariance and the stability 
of the monopole condensation. This establishes the monopole dominance in QCD. In doing so we 
point out critical defects in the calculation of the Savvidy-Nielsen-Olesen (SNO) effective action. 
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I. INTRODUCTION 



The confinement problem in quantum chromodynam- 
ics (QCD) is probably one of the most challenging prob- 
lems in theoretical physics. There have been many con- 
jectures on the confinement mechanism, but two of them 
are outstanding. One is the monopole condensation, the 
other is the Abelian dominance [lHa]- It has long been 
argued that the confinement in QCD can be triggered by 
the monopole condensation [IHH . Indeed, if one assumes 
the monopole condensation, one can easily argue that 
the ensuing dual Meissner effect could guarantee the con- 
finement of color. To prove the monopole condensation, 
however, one must first separate the monopole potential 
from the QCD potential gauge independently. 

On the other hand the Abelian dominance proposed 
by 'tHooft asserts that the "Abelian part" of QCD must 
be responsible for the confinement [^-Q. The justifica- 
tion of this is that the colored (non- Abelian) gluons can 
not play any role in the confinement, because they (just 
like the quarks) describe the colored gluons which them- 
selves have to be confined. So, only the neutral (Abelian) 
gluons, if at all, could possibly contribute to the confine- 
ment. In this sense, this conjecture must be true [1, 0|- 

The Abelian dominance has become very popular and 
widely been studied in lattice QCD 5, 6]. As it stands, 
however, it also has serious drawbacks. First of all, we 
must first separate the Abelian part to prove this con- 
jecture, but it does not tell us how to do that gauge 
independently. The popular way to obtain the Abelian 
part is to choose the so-called "the maximal Abelian 
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gauge" [1, @ . But strictly speaking, this is a gauge fix- 
ing. More seriously, the maximal Abelian gauge does not 
tell exactly what constitutes the Abelian part. Obviously 
the Abelian part must contain the trivial Maxwell-type 
Abelian potential, but this U(l) potential is not supposed 
to produce the confinement. So the Abelian part must 
contain something else. But the maximal Abelian gauge 
does not specify what is that. This means that, even if 
we prove the Abelian dominance, we can not tell what is 
really responsible for the confinement. 

Fortunately we have a gauge independent Abelian 
projection defined by the magnetic isometry 0, Q . An 
important feature of this projection is that it tells ex- 
actly what is the Abelian part. It tells that the Abelian 
potential is made of two parts, the non-topological 
Maxwell-type U(l) part and the topological non-Abelian 
monopole part. This is because in this projection the 
Abelian potential has the full non-Abelian gauge degrees 
of freedom, in spite of the fact that it is Abelian. So it 
naturally contains the topological degrees. 

Furthermore, this projection separates the monopole 
potential gauge independently 0, y| • This is very im- 
portant because, unlike the Abelian projection based on 
the maximal Abelian gauge, this allows us to test not 
only the Abelian dominance but also the monopole dom- 
inance, and thus pinpoint exactly what is responsible for 
the confinement. 

Implementing the gauge independent Abelian projec- 
tion on lattice, the KEK lattice group led by Kondo re- 
cently have demonstrated that the confinement in QCD 
is due to the monopole condensation. They have shown 
that the confining force in SU(2) QCD comes from the 
Abelian part of the potential, but more precisely the 
monopole part of the Abelian projection [8|, Q. This 
clearly establishes (not just the Abelian dominance but) 
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FIG. 1: The lattice QCD result which establishes the 
monopole dominance in SU(2) QCD. Here the confining po- 
tentials marked by red, green, and blue points are obtained 
with the full SU(2) potential, the Abelian (restricted) poten- 
tial, and the monopole potential, respectively. 



the monopole dominance in QCD. This remarkable result 
is shown in Fig 1. 

Of course, the Abelian and/or monopole dominance 
have been studied in lattice QCD before H, [13, EJ ■ 
But these studies were based on gauge dependent sepa- 
rations of Abelian and/or monopole potentials, so that 
their results were gauge dependent. In contrast, the re- 
cent KEK calculations are explicitly gauge independent, 
because they are based on the gauge independent Abelian 
projection. 

A natural way to establish the monopole condensation 
in QCD is to show that the quantum fluctuation triggers 
a phase transition similar to the dimensional transmuta- 
tion observed in massless scalar QED [12]. There have 
been many attempts to demonstrate this. Savvidy has 
first calculated the effective action of SU(2) QCD in the 
presence of an ad hoc color magnetic background, and 
has almost "proved" the magnetic condensation [13j . 

Unfortunately, the subsequent calculation repeated 
by Nielsen and Olesen showed that the effective action 
has an extra imagi nary part which destablizes the mag- 
netic condensation [lj, UM ■ This is known as the insta- 
bility of the "Savvidy- Nielsen-Olesen (SNO) vacuum", 
which has led many people to believe that it is im pos sible 
to have a stable magnetic condensation in QCD [16l Il7j. 

The origin of this instability can be traced to the 
tachyonic modes in the functional determinant of the 
gluon loop integral. But in physics we encounter the 
tachyons when we do something wrong. For example, in 
spontaneous symmetry breaking we have tachyons when 
we choose the false vacuum. Similarly, in Neveu-Schwarz- 
Ramond (NSR) string we have the tachyonic vacuum 
when we do not make the theory supersymmetric and 
modular invariant with the Gliozzi-Scherk-Olive (GSO) 
projection [l8|, The question here is how to remove 
the tachyonic modes in the gluon functional determinant, 
and how to justify that. 

The purpose of this paper is to calculate the one-loop 
QCD effective action in the presence of the monopole 



background, and establish the stable monopole conden- 
sation in SU(2) QCD theoretically. Imposing the color re- 
flection invariance (the C-parity) on the gluon functional 
determinant which assures the gauge invariance, we ob- 
tain a new infra-red finite integral expression of QCD ef- 
fective action. From this we show that a stable monopole 
condensation takes place and becomes the true vacuum of 
QCD. In particular we show that, just as the GSO pro- 
jection (the G-parity) removes the tachyonic vacuum in 
string theory, the C-parity in QCD removes the tachyons 
and assures the stability of the monopole condensation. 
This establishes the dimensional transmutation by the 
monopole condensation in QCD. 

It is well known that the SNO vacuum is not gauge 
invariant, so that it can not be the QCD vacuum even if 
it were stable (l5j . In this paper we show another criti- 
cal defect of the SNO vacuum, that it violates the parity. 
Since the parity is conserved in strong interaction this is a 
serious defect. Moreover, we show that the gauge invari- 
ant and parity conserving background is the monopole 
background, which is why we have chosen the monopole 
background in our calculation of the effective action. 

In doing so we point out that the SNO vacuum is not 
the QCD vacuum but a vacuum of an Abelian gauge the- 
ory coupled to a massless charged vector field which has 
no charge conjugation invariance, which is a sick theory 
that has nothing to do with QCD. 

The monopole condensation predicts two vacuum 
fluctuation modes of QCD, the ++ and 1 ++ magnetic 
glueballs which are not made of the valence gluons. 
This is because the monopole condensation generates two 
scales, the correlation length of the monopole condensa- 
tion and the penetration length of the color flux. 

The paper is organized as follows. In Section II we 
compare the 'tHooft's Abelian decomposition and the 
gauge invariant Abelian decomposition for later pur- 
pose. In Section III we discuss the difference between 
the Savvidy background and the monopole background, 
and show that only the monopole background is gauge 
invariant and parity conserving. In Section IV we review 
the problems of the SNO effective action. In Section V 
we discuss the gauge invariant calculation of QCD effec- 
tive action, and show how the color reflection invariance 
(the C-projection) excludes the tachyonic modes from the 
gluon functional determinant. In particular, we obtain a 
new integral expression of the one-loop QCD effective ac- 
tion which generates the stable monopole condensation. 
In Section VI we discuss a more general issue, the infra- 
red instability of the QCD effective action which origi- 
nates from the absence of a mass scale, and show how 
the infra-red regularization by causality can restore the 
stability. In Section VII we emphasize that the perturba- 
tive calculation of the imaginary part can also assure the 
stability of the effective action. In Section VIII we de- 
rive the QCD effective potential and show that the QCD 
vacuum is given by the monopole condensation. This es- 
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tablishes the dimensional transmutation by the monopole 
condensation in QCD. Finally in Section IX we discuss 
the physical implications of our result. 



determines the color directions fi\ and h 2 , we may also 
call h the color direction. To make the Abelian projection 
we impose the maximal Abelian isometry on A^, 



II. ABELIAN DECOMPOSITION: A REVIEW 



To establish the Abelian dominance, we must know 
what is the Abelian part of QCD which is responsible 
for the Abelian sub-dynamics. To do that we have to 
make the Abelian projection. There are two competing 
proposals for the Abelian projection. 

The popular Abelian projection proposed by 'tHooft 
is to remove as many non- Abelian degrees of freedom 
as possible by partially fixing the gauge, and to reduce 
QCD to an Abelian gauge theory coupled to the colored 
gluons [1, @ . To explain how this proposal is supposed 
to work, consider the SU(2) QCD for simplicity. Let 
(fix , tt-2 , ^3) be an arbitrary right-handed local orthonor- 
mal basis, and choose h = h^ to be the Abelian (i.e., 
neutral) direction (which we can do without loss of gen- 
erality). Now, let 



A a = A] 



ni 



Alh 2 



A^h = ^ 



— A] 



ni 



(1) 



and interprete stf^ and SE^ as the neutral and colored 
potentials, assuming the colored part transforms gauge 
covariantly. In this case A^ has the residual U(l) gauge 
degrees which leaves h invariant, which makes QCD ef- 
fectively an Abelian gauge theory which has the colored 
gluons as a source. 

Here, however, we have to tell how to select the 
Abelian part si^. A popular conjecture to do that is to 
impose the so-called maximal Abelian gauge condition, 



3^^i , 



(2) 



The logic behind this is that SE^ becomes an isovector 
in color direction, so that by suppressing it with @ one 
could remove as many non- Abelian degrees as possible, 
and thus have the Abelian (neutral) potential s£u,. This 
Abelian projection has been widely adopted in lattice 
QCD to demonstrate the Abelian dominance 

This logic, however, has a serious defect. To fix stf^ 
from ([2]), we must know SE^ but obviously we need s/^ 
to determine SE^. This is a vicious circle. So it can not 
determine stf^. In fact, © should (as we will see) more 
properly be interpreted as a condition on SE^, not on stf^. 
More seriously, (fTJ) itself has the critical defect that the 
decomposition of the neutral and colored gluons is gauge 
dependent. 

The other Abelian projection is to use the Abelian 
isometry to project the Abelian part 0, Let h be 
the neutral direction as before. Since this automatically 



D^n = (dp + gA^n = 0, 



(3) 



and obtain the restricted potential A^ which describes 
the Abelian sub-dynamics of QCD 



-4, 



A, 



A^n 



h x d^h 



h x <9 M n. 



(4) 



Notice that ([3]) is gauge covariant, so that this projec- 
tion is gauge independent. We emphasize that ((3|) re- 
stricts the connection precisely to the connection which 
leaves the Abelian direction h invariant under the parallel 
transport. 

Clearly A^ is different from st^. It includes but 
also has which generates a non-trivial field strength 

~h ■ (df.fi x d v h) = <9 M C„ - <9„C M , 

1 

.9 



'(11/ — dfj,C v — d v C^ + gC^ x C v 



= — hi ■ 



dnh 2 . 



(5) 



Notice that C M is uniquely determined up to the U(l) 
gauge transformation which leaves n invariant. 

To understand the physical meaning of this, no- 
tice that Cu describes the non-Abelian monopole, be- 
cause h defines the mapping n 2 (S 2 ) which describes the 
monopole topology. Indeed, when h = f it describes pre- 
cisely the Wu-Yang monopole [2(||2lj|. Moreover, with 



ni 



n 2 



sin 6 9 + cos < 



(6) 



the corresponding becomes exactly the Dirac's 
monopole potential 0, 21 1 



Cu = --hi ■ dah 2 = --(1 - cos9)dnd. (7) 
9 9 

This confirms that A^ includes the non-Abelian 
monopole potential, in spite of the fact that it describes 
the Abelian sub-dynamics. 

To clarify this dual structure, notice that 

= d^A v - dvA^ + gAf, x A v 
= (F^u + H^)h, 



F)j,v — 9^A V d v A^, 



d„C„ 



(8) 



So the "Abelian" field strength of the restricted poten- 
tial is actually made of two field strenghts, F^ v and H^, 
each of them given by Abelian potential A^ and C M . In 



4 



other words the Abelian part of QCD is made of two po- 
tentials, the topological Dirac-type "magnetic" potential 
C M as well as the non-topological Maxwell-type "electric" 
potential stf^. 

With the Abelian projection we obtain the restricted 
chromodynamics (RCD) which describes the Abelian 
sub-dynamics of QCD @, Q 

£rcd = -jFjlv = ~l( F v + H ^) 2 - ( 9 ) 

As we will see RCD has the full SU(2) gauge freedom, 
in spite of the fact that it describes the Abelian sub- 
dynamics. 

Now, we can recover the full QCD gauge potential by 
adding the colored part to A^ 0, H| 

A,j, = A,j, + Xfj, = A^h - in x dfj.fi + X^, 

X u = —n x D^n, h ■ X^ = 0. (10) 

This is the gauge independent Abelian decomposition of 
the non-Abelian gauge potential, also known as Cho- 
Duan-Ge or Cho-Faddeev-Niemi-Shabanov decomposi- 
tion [H-Sl. 

To understand the meaning of (|10[) . consider the 
gauge transformation 

SA U = —D^d, Sri = —a x fi, (11) 

where a is an infinitesimal gauge parameter. Under this 
we have 

SA U = -h ■ dnd, 8A U = -b a d, 
9 9 

6X M = -8 x X a . (12) 

This tells that A u by itself describes an SU(2) connec- 
tion which enjoys the full SU(2) gauge degrees of free- 
dom. So it inherits the full topological properties of non- 
Abelian gauge theory, even though it describes only the 
Abelian sub-dynamics. This is why it contains the non- 
Abelian monopole potential, which makes RCD different 
from QED. 

Furthermore X^ forms a gauge covariant vector field 
under the gauge transformation. This is because the con- 
nection space forms an affine space, so that any point of 
the connection space can be reached from the Abelian 
connection adding a gauge covariant vector field. More- 
over it is colored (h ■ X a = 0). So we call A^ and X^ 
the binding and valence potential which represents the 
binding and colored gluons, respectively. 

But what is really remarkable about (|10p is that the 
decomposition is gauge independent. Once h is chosen, 
the decomposition follows automatically, regardless of 



the choice of gauge. In particular, the separation of the 
monopole potential is gauge independent [2J, [3| ■ 

So using this Abelian decomposition we can perform 
a truly gauge independent lattice calculation to test the 
monopole dominance. As we have explained the result is 
shown in Fig. 1, where the red, green, and blue dots are 
obtained with A^, A u , and C u [1, H|. This clearly shows 
that it is the monopole which is responsible for the color 
confinement. 

With the decomposition (fTU)) , we have 

Fpv = F uv + D^Xv — t) v X u + gX u x X v , (13) 
so that the Yang-Mills Lagrangian is expressed as 

£ = = ~ -^{DuX-v - b v X a ) 2 

2 

- 9 -F ulJ -{X a xX v )- g -(X u xX v f. (14) 

This shows that QCD can be viewed as RCD made of 
the binding gluons, which has the colored valence gluons 
as its source 0, 9 • 

But we emphasize that (|14l) . strictly speaking, is dif- 
ferent from QCD because it has more symmetry. This is 
because the decomposition (jTU)) automatically enlarges 
the gauge symmetry [25j . Obviously it is invariant under 
the gauge transformation of the active type, the classical 
(slow) gauge transformation, described by (fTT|) and (TT2"]) . 
But notice that it is also invariant under the following 
gauge transformation of the passive type, the quantum 
(fast) gauge transformation, 

SA U = ^D u a, Sn = 0, (15) 

under which one has 

5A li = -n- Dfj,d, 8Afj, = -(h- Dfj,d)h, 

SXfj, = i[£» M a- (n • D„a)n]. (16) 

This is because, for a given A^, we can have different 
decompositions choosing different h. Equivalently, for a 
fixed n, we have different A^ which are gauge equiva- 
lent. So the decomposition inevitably enlarge the gauge 
symmetry. 

The extra gauge symmetry is a generic feature of 
the background field formalism in quantum field theory 
[261 . [27| . The decomposition of the field to classical and 
quantum parts does not tell us how to assign the sym- 
metry of the theory to the decomposed parts, so that we 
have freedom to impose the symmetry to two parts. For 
this reason we call (IT4")) the extended chromodynamics 
(ECD). 

The enlarged gauge symmetry plays an important role 
in ECD. According to the active gauge symmetry (|12l) . 
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X^ is gauge covariant, so that the valence gluons (in prin- 
ciple) could acquire a mass under quantum correction. 
However, the passive gauge symmetry ()16[) makes this 
impossible. This is because we have to impose a gauge 
condition to fix the passive gauge degrees to quantize . 
A natural choice is the generalized Lorentz gauge j2f| 



(17) 



Of course we could choose other gauges (e.g., the 
Coulomb gauge), but the point here is that the gauge 
condition keeps the valence gluons massless. This assures 
that ECD is physically equivalent to QCD, even though 
it has more symmetry. This point will play an important 
role when we calculate the effective action of QCD with 
the background field method in the following. 

Now, we can compare two Abelian projections © and 
© . Clearly s/^ and ^ in ^ play the role of and X^ 
in ([3]) , so that the maximal Abelian gauge corresponds to 
the Lorentz gauge (|17[) . But notice that (|17l) is a condi- 
tion to constrain X^ , which is completely independent of 
Afj,. If so, @ should also be interpreted as a condition on 
Sfrfj,, a consistency condition to keep the colored gluons 
massless. This strongly implies that ([2]) can not be used 
to determine the Abelian potential sd^ . This is a critical 
defect of the Abelian projection based on the maximal 
Abelian gauge. 

Another disadvantage of is that this tells nothing 
about the monopolc. Obviously we need the monopole 
potential to test the monopole dominance, but @ does 
not provide any information on the monopole. In com- 
parison ([IT))) determines not only the Abelian potential 
but also the monopole potential C M uniquely and 
gauge independently. 

An important advantage of ((3]) is that it can actually 
"Abelianize" QCD gauge independently 0, El]. To see 
this we replace the valence potential X^ by the complex 
vector field X u , 



X M =Xfo 1 + Xfo, X» = —{Xl 
and express the Lagrangian (|14[) by 



iXt 



(18) 



C 



-G 2 

4 

1 



~2 9 



PW 2 



D V X^\ 2 +igG tlv X*X v 



{x:f{x v f 



X„ 



--\D^X U -D V X^ 

Bfi = A^ + Gjxi 
G>„ = dfjtBv — d u B^ = F^ v + H, 



1 1. 1' i 



B^X V 



(dn + igB^Xv, 

av = -i 9 (x;x v - xixj. 



(19) 



Clearly this looks like an Abelian gauge theory cou- 
pled to the charged vector field A M , except that this 



has two Abelian potentials. So the theory becomes a 
dual gauge theory whose Abelian gauge group is given 
by U(l) e <E) U(l) m [2j, |3[. Moreover, in this Abelianiza- 
tion the topological structure of the non-Abelian gauge 
theory is retained in the dual structure, in the magnetic 
potential C M . 

Actually this Abelianized QCD is not Abelian, be- 
cause (p~9j) has the full non-Abelian gauge symmetry. To 
see this let 

a = cti hi + oi2 fi2 + h, a — —p{a.\ + iaa), 
Cu = — h x dah = -C\n x - Cf.h 2 , 



y 

c» = ±={cl + icl). 



(20) 



Then (1191) is invariant not only under the active gauge 
transformation described by 



1 



6A» = -d u ,e-i(C*a-Cpcf), 6C„ 
SX. = 0, 



-5A„ 



(21) 



but also under the following passive gauge transformation 
described by 



SA 



; , - -d^e - i(x; a - x^ a *), sc^ = o, 



sx. 



;: - -BflCt - lOX^. 



(22) 



This tells that the Abelianized QCD not only retains the 
full non-Abelian gauge symmetry, but also has an en- 
larged (both active and passive) gauge symmetries. 

Notice that in the conventional (Savvidy's) Abelian- 
ization based on the decomposition (JlJ, sd^ and 
transform (not to and X^ but) to A^ and X'^ = 
(A* + %A 2 ^)j\pl . So QCD becomes an Abelian gauge 

theory made of A^ (without C^) which is coupled to X' . 
Adopting this view Savvidy integrated out X'^ to obtain 
the QCD effective action, treating A^ and X'^ as the 
classical (slow) and quantum (fast) fields. 

This view, however, has critical defects. First of all, 
the separation of A^ to s/^ and 95^ is ad hoc, it is not 
gauge independent. Moreover s/^ does not have the full 
gauge degrees of freedom, nor does 9^^ transform covari- 
antly. So the decomposition (fTJ) has no objective mean- 
ing. 

Worse, the Abelian part here becomes exactly the 
Maxwell-type U(l) gauge theory. This trivializes QCD to 
QED which has the massless colored gluons as its source, 
which fails to take into account the dual structure of the 
Abelian sub-dynamics of QCD. In particular, this com- 
pletely neglects the role of non-Abelian monopole, an es- 
sential feature of QCD. Clearly this is not QCD. 
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III. SAVVIDY BACKGROUND VERSUS 
MONOPOLE BACKGROUND 

An important lesson from the above discussion is that 
there are actually two sources of magnetic background in 
QCD, the Maxwell-type and the Dirac-type H^, 
because the restricted potential has a dual structure. So 
we have to specify which background we must choose and 
explain why we must do so when we calculate the effec- 
tive action. The old calculations based on ([I]) completely 
missed this point because they had only F^. 

To understand why this is so important, consider the 
gauge transformation which inverts the color direction 
which we call the color reflection, 

(hi,h2,h 3 ) (hi,-h2,-h). (23) 

Under this we have 

K = Sty. + <?„ -> 4^ = ~< + Cy, 

= Xfr + Xfo -> Xi c) = Xfa - A> 2 . (24) 

Notice that the electric and magnetic parts in trans- 
form oppositely. 

In the Abelianized QCD this translates to 

Ay — > Afj,, — > —Cy, 

X^ = -j=(*l + K = -j={xj t - itf), 
-> {dm* = [a„ + i g {-A» + Cy)]x;. (25) 

Clearly this tells that the red gluon X^ changes to the 
blue gluon X* (and vise versa), and the monopole be- 
comes anti-monopole, under the color reflection. As im- 
portantly the gauge interaction of A^ changes the signa- 
ture but that of C M remains invariant. Furthermore, F^ 
and Fly V transform oppositely under the color reflection. 

Obviously this color reflection which we call "the C- 
parity" is exactly the color charge conjugation which 
changes the color of the valence gluons. But what is 
important about this C-parity is that it must be a sym- 
metry of QCD, because (f2"3"|) is a gauge transformation. 
In particular, this C-parity guarantees the non-Abelian 
gauge mvanance m the Abelianized QCD 

Now, since the Maxwell potential in QED has nega- 
tive charge conjugation, A^ must have negative C-parity. 
This means that A^ and (and F^ and H^ u ) in (fT9|) 
have negative and positive C-parity, respectively. This 
immediately tells that the magnetic background made 
of F^ u is not gauge invariant. This, of course, was the 
problem of the SNO vacuum [l4| . 

As importantly this assures that the monopole back- 
ground made of is gauge invariant, because it has 



positive C-parity. So we do not have to construct "the 
Copenhagen vacuum" to obtain a gauge invariant back- 
ground pjj. QCD already has a natural candidate of 
gauge invariant background, the monopole background. 
And this is what we need for the dual Meissner effect. 

The two potentials A^ and have another impor- 
tant difference. Consider the space inversion (the par- 
ity P) x — > —x. Under this A^ behaves as an ordinary 
vector, so that it has negative parity. But in spheri- 
cal coordinates this space inversion changes (r, 9, <fi) to 
(r, 7T — 9, 7r + <f>), so that we must have 

hi = cos (f> 9 — sin <fi <ft — > h\ = — cos cp 9 — sin <f> <fi, 
fi2 = sin <f> 9 + cos <fi(/)—¥ h 2 — — sin <f) 9 + cos <fi <fi, 

Cy = --hi ■ d^h 2 =--(!- cos9)d^(t) 

9 9 

-> Ci p) = ~(1 + cos0)S^. (26) 

This shows that the monopole becomes an anti-monopole 
under the space inversion. This might be somewhat un- 
expected. But this is because f changes to —f under 
the space inversion, so that the monopole charge ^(S 2 ) 
changes the signature. 

To understand the physical meaning of this, notice 
that the monopole potential C M in ^ is not sensitive 
to the signature of h. This means that in QCD there 
is no distinction between monopole and anti-monopole. 
In fact the monopole charge in QCD is determined only 
up to the Weyl reflection (i.e., the color reflection), so 
that monopole and anti-monopole are gauge equivalent 
to each other [28[ . So the space inversion does not change 
the physical content of C M , which means that it should be 
interpreted as an axial vector which has positive parity. 

From this we conclude that J PC of the electric poten- 
tial A „ becomes 1 while J PC of the magnetic potential 
C M becomes l ++ . This tells that the background made 
of the electric potential violates not only the gauge in- 
variance but also the parity, which is a conserved quan- 
tum number in strong interaction. In contrast, the back- 
ground made of the magnetic potential is gauge invariant 
and parity conserving. 

Before we close this section we make a few remarks. 
First, the monopole background should really be inter- 
preted as the monopolc-antimonople background, since 
monopole and anti-monopole are gauge equivalent in 
QCD. This must be contrasted with Dirac's theory 
of monopole, where monopole and anti-monopole are 
clearly different. 

Second, the Savvidy background violates the parity 
(as well as the gauge invariance). This is another crit- 
ical defect, because the Savvidy vacuum would violate 
the parity which we know is a good quantum number of 
strong interaction. As far as we understand this defect 
has never been pointed out before. 
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Third, our anaysis tells that physically the space in- 
version is equivalent to the isospace inversion. There is 
always a residual U(l) gauge transformation which con- 
nects two inversions. This kind of space-isospace locking 
(e.g., the spin-isospin locking) of course is common in 
monopole and skyrmion physics |29j |. 



-9»- 



(A) 



(B) 



IV. SNO EFFECTIVE ACTION: A REVIEW 



To understand what is wrong with the old calcula- 
tions of the QCD effective action it is important to know 
how they calculated it. So in this section we briefly re- 
view the old calculations. To obtain the effective action 
Savvidy and others have divided the classical and quan- 
tum parts by ([T]), and integrated out the quantu m p art 



in the presence of the Savvidy background 



quantum part 



F, 



(b) 



F„ 



(27) 



where ho — (0, 0, 1) is a constant Abelian direction and 
H is a constant chromomagnetic field in z-direction. 

In this case the calculation of the functional determi- 
nant of the gluon loop integral amounts to finding the 
energy spectrum of a charged vector field moving around 
a constant magnetic field. It is well-known that this en- 
ergy spectrum is given by [30] 



£ = 2gH(n+--qS 3 ) 



k 2 



(28) 



where S3 and k are the spin and momentum of the vector 
fields in the direction of the magnetic field, and q = ±1 
is the charge (positive and negative) of the vector fields. 
This is schematically shown in Fig. 2. Notice that 
for both charges the energy spectrum contains negative 
eigenvalues (tachyonic modes) which violate the causal- 
ity. 

From (|28|l we obtain the integral expression of the 
effective action 



AC 



lim 



dt 



c^Q 16tt 2 J t 2 ~ e sinh(gHt/n 2 ) 
x exp(-2gHt/fi 2 ) + exp(+2 5 iii//i 2 ) , (29) 

where /i 2 is a dimensional parameter. Notice that the 
second term has a severe infra-red divergence, which we 
can regularize with the standard ^-function regulariza- 
tion. From the generalized ^-function [3l[ 



50 X s - 1 exp(-Xx) 
n ^ (n + X) s T(s)J 1 - exp(-x) 



dx, 



we have 



e-+0 8vr 2 y J < 2 - £ 



FIG. 2: The energy eigenvalues of charged vector fields in a 
constant magnetic field. (A) and (B) show the eigenvalues 
of positively and negatively charged (q — ±1) vector field. 
In both cases the eigenvalues contain tachyonic modes when 
k 2 < gH. 



exp(-3gHt/ii 2 ) + exp(+gHt/ /j, 2 ) 



lim 



1 - exp(-2gHt//j, 2 ) 
(gH) 2 r 2gH 



47T 2 



-(- 



Ilff 2 ff 2 
48tt 2 
g 2 H 2 



)-T( e -i; 

2gH 



1, 



1 - In ■ 



4. 2 |)-<? 



(30) 



where C = — (s, A). With this we arrive at the SNO 
as 



effective action [H, Q [II] 



L eff ^~ 



1 - In 2 



Ug 2 H 2 gH 
- In — 



.g 2 H 2 



48tt 2 



8tt 



24 3 

-?(-!,-) = 0.94556. 



(31) 



which contains the well-known imaginary part which 
destablizes the SNO vacuum [14j |. Obviously the imagi- 
nary part originates from the tachyonic eigenstates. 

There have been many attempts to restore the stabil- 
ity to the SNO vacuum |15l - tl7| . Actually we can remove 
the imaginary part calculating the effective action using 
different methods, for example, with the infra-red regu- 
larization by causality [H, . But the difficult part is 
to explain exactly what is wrong with the conventional 
(Savvidy's) calculations and the C-function regulariza- 
tion. 

Of course, this instability is not the only problem of 
the SNO vacuum. A more serious problem is that it is 
not gauge invariant, because it is not invariant under the 
color reflection. Furthermore, it violates the parity, as 
we have pointed out. So the SNO vacuum can not be 
identified as the QCD vacuum, even if it can be made 
stable. 

Because of this Nielsen and Olesen have introduced 
"the Copenhagen vacuum" , a randomly oriented block- 
wise Savvidy background, and conjectured that such 
background could provide a gauge invariant (and thus 
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hopefully stable) QCD vacuum [15[. Unfortunately the 
Copenhagen vacuum is not gauge invariant either, be- 
cause we can not restore the gauge invariance by violat- 
ing it randomly blockwise. 



V. GAUGE INVARIANT CALCULATION OF 
QCD EFFECTIVE ACTION 



The above discussion tells that the old calculations 
of QCD effective action which renders the SNO vacuum 
have many defects. For example, the decomposition of 
the classical and quantum parts (P) is not gauge indepen- 
dent. But this is not a serious defect, because in practical 
calculations one may always choose a convenient gauge. 

There are two critical defects in the old calculations. 
First, the Savvidy background is neither gauge invari- 
ant nor parity conserving, as we have emphasized. The 
gauge invariant and parity conserving background is the 
monopole background, but the old calculations based on 
dU) could not choose this background because it has no 
place for the monopole. 

Second, the gauge invariance is completely overlooked 
in the calculation of the gluon functional determinant. In 
particular, the color reflection invariance (the C-parity) 
is not correctly implemented in the old calculations. And 
the instability of the SNO vacuum originates from this 
mistake. 

To show how to calculate the effective action correctly, 
we adopt the gauge independent Abelian decomposition 
(|TU)) and integrate out the colored gluons in the presence 
of the gauge invariant monopole background. The ad- 
vantage of this, of course, is that the whole process of 
the calculation becomes explicitly gauge independent. 

To integrate out X^ we have to fix the (quantum) 
gauge, and we choose the generalized Lorentz gauge 



F = D U X U = 0, C 



> >~9f 



1 

2? 



(32) 



The corresponding Faddeev-Popov determinant can be 
expressed by 



SF 

= n QC (£) M z) M ) cb , n ah = s ab - n a h b . 



(33) 



Notice that n a fc is the projection operator which projects 
out the h component. With this we have 



exp 



exp | % 
9 



■if. 



= I VX^VcVc* 



-{D^X V -D V X, 



- Fllv -(X^X v )- 9 -(X^X v f 



d 4 x}, 



(34) 



where c and c* are the ghost fields which are orthogonal 
to h. Here we need only the ghosts which are orthogo- 
nal to n because they come from the gauge fixing of the 
valence gluons which are orthogonal to n. 

Obviously the effective action (|34[) becomes gauge in- 
variant under the transformation (TT2"1) . if the ghost fields 
transform as 



5c 



6c* 



(35) 



So the whole process of the calculation becomes gauge 
independent. 

To demonstrate the monopole condensation, of 
course, we have to choose the gauge invariant and parity 
conserving monopole background, 



(36) 



This should be compared with the Savvidy background 
(|27|) which is not gauge invariant nor parity conserving. 
To be general, however, we will let H^ v arbitrary but 
constant in the following. 

With this the gluon and ghost loop integrals give the 
following deteminants (at one-loop level) 

Det~^K^ ab = Det~2 f _ g^D^ - 2ge abc H tJil/ h c ^ , 

DetM o6 = Det(- J D2 6 ), (37) 

where is the covariant derivative defined by the 
monopole background. From this we have 



AS = -InDetif 
2 



dnDetM. 



(38) 



So the calculation of the determinants becomes a crucial 
part to obtain the effective action. 

To calculate the functional determinants, notice that 



-Tr In 



lnDetA' = Trln(- 5 ^D2 b ) 
N 



g ^6 ab + 2gH^( 7 -) ab =4Tr\n(-D 2 ab) 
+Tr 



oo 



n=l 
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N, 



ab 



ab ^abc^c- 



(39) 



We can simplify this to 



InDctA' = 4 Trln i 



D 2 ab ) 



+Tr In 



$ab + 4a 2 (-=- 



Trln 



N 



= In Dct 



JJ2 I ab 

{-D 2 + 2iaN){-D 2 - 2iaN) 



ab 



9 



InDet 



{-D 2 + 2bN)(-D 2 - 2bN) 
fJ 



b = 



H 4 + {HH) 2 +H 2 , 



H 4 + (HH) 2 - H 2 . 



(40) 



Here (-D 2 + 2iaN) and (-D 2 -2iaN) (also {-D 2 + 2bN) 
and (-D 2 — 2bN)) correspond to two spin polarization 
degrees of valence gluons (S3 = ±1). 

Notice that a and b represent purely magnetic and 
purely electric background of H^ v , so that from now on 
we call them magnetic and electric background, respec- 
tively. This should not be confused with the decompo- 
sition of Fy, v to the electric (F^) and magnetic (H^) 
part. 

To proceed, we have to calculate two determinants 
(-D 2 ± 2iaN), (-D 2 ± 2bN). (41) 

Now, from 

(~D 2 ± 2iaN)n = 0, (-D 2 ± 2bN)h = 0, (42) 

we may assume that the eigenfunction of the determi- 
nants are orthogonal to n, 



= <P\n\ 



92^2- 



(43) 



Furthermore, with 



(44) 



we can express the eigenvalue equation of the first deter- 
minant by 



d*~g 2 C 2 , -g(d f ,C, + 2C^)±2ia 
g{d^C» + 2C^) T 2ta, d 2 - g 2 C 2 



= A 



(45) 



which can be diagonalized to the Abelian form 
-D 2 ±2a, 



0. 



D 2 _T2a 
4>i ± i<t>2 
V2 ' 



= A 



(46) 



Notice that ip + and 0_ are conjugate to each other under 
the color reflection 



Similarly, we can write the eigenvalue equation of the 
second determinant as 



-D 2 + T_2ib, 
0, - D 2 _± 2ib 



(47) 



From this we have 



Det(-L> 2 ± 2iaN) ab 
= Bct{-D 2 + ± 2a){-D 2 _ =p 2a), 

Det(-£> 2 ± 2oA) a6 
= Dct(-L) 2 . =F 2ib){-D 2 _ ± 2ib). 



(48) 



Again, notice that (— £> 2 ±2a)</>+ and (— D 2 _^2ib)4> + are 
conjugate to (— -D 2 qp 2a)0_ and (— -D 2 ± 2io)0_ under 
the color reflection (|23|) . This means that they are gauge 
equivalent to each other, so that we must have 



Det(-Dl ± 2a) = Det(-L> 2 T 2a), 
Dct{-D 2 + =f 2i6) = Dct(-Z) 2 ± 2i6). 

From this we have 

InDctif = 21nDct(-Z) 2 + 2a) (-L> 2 - 2a) 
+21nDct(-Z) 2 - 2ib)(-D 2 + 2ib), 
InDetM = 2 lnDet(-Z) 2 ), 



(49) 



(50) 



where = d^ +igC^. Notice that the determinants are 
expressed entirely by Abelian determinants, with Abelian 
covariant derivative. 

Now, ([50]) reproduces the well known expression of 
QCD effective action 0, [13] 



AS = i lnDet(-L> 2 + 2a)(-L> 2 - 2a) 
+i lnDct(-Z) 2 - 2ib)(-D 2 + 2ib) 
-2i lnDet(-i) 2 ), 



(51) 



and 



dt 



abt 2 



AC = lim 

e^o 16tt 2 J t 3 " £ smh(at/fi 2 )sm(bt/n 2 ) 

cxp(— 2at/n 2 ) + exp(+2at / fi 2 ) 



+ exp(+2ibt/fi 2 ) + exp(-2ibt/(j, 2 ) - 2 



(52) 



Notice that the first four terms are the gluon loop con- 
tribution, but the last term comes from the ghost loop. 
When a = gH and b — 0, this becomes identical to (|29[) . 
And here again, the second and fourth terms have a se- 
vere infra-red divergence. 

We emphasize, however, this derivation of ([5Tj) has 
a critical defect. To see this remember that the gluon 
loop we are supposed to integrate out must be, not the 
red and blue gluon loops, but the physical gluon loop 
made of the gauge invariant combination of red and blue 
gluons. In other words the gluon loop integral T)X^ in 
AMI) should really be understood as the gauge invariant 
integral (T>X^)i. But this important point has not been 
correctly taken into account in (IBTI) . 



To understand this in detail, consider the case a = gH 
and 6 = shown in Fig. 3. Clearly the color reflection 
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E 2 — k? 

a +3 9 jf- 



-gS- 



+3gH - 



(A) 



(B) 



FIG. 3: The gauge invariant eigenvalues of the gluon func- 
tional determinant. (A) and (B) are the C-parity partners, 
so that they are gauge equivalent for each spin polarization 
separately. This shows that the negative eigenvalues in both 
(A) and (B) are not gauge invariant. 



(the C-parity) changes (A) to (B), so that they are gauge 
equivalent. But since this C-parity does not change the 
spin of the valence gluons, we must require the physical 
eigenvalues to be invariant under the C-parity for each 
spin polarization separately, 



Det(-D\ + 2a) = Dct(-L> 2 - 2a), 
Det(-£>i - 2a) = Dct(-Z) 2 + 2a). 



(53) 



Now, obviously the negative eigenvalues for both S3 — 
+1 in (A) and S3 = —1 in (B) do not satisfy this re- 
quirement, so that they must be discarded. This is the 
C-projcction which removes the tachyonic states and re- 
stores the gauge invariance of the gluon loop integral. 
This neglect of gauge invariance is the critical mistake of 
the conventional calculations I13l-tl6f . 



Notice that the C-parity here plays exactly the same 
role as the G-parity in string theory. It is well known 
that the GSO projection (the G-projection) restores the 
supersymmetry and modular invariance in NSR string 
by projecting out the tachyonic vacuum [TH [l9j . Just 
like the G-projection in string, the C-projection in QCD 
removes the tachyonic modes and restores the gauge in- 
variance of the effective action. 

Exactly the same argument applies to Det(— D\^2ib) 
and Dct(— D 2 _ ± 2ib). Here again they are the C-parity 
counterpart of each other, so that we must require 

Det(-Dl - lib) = Dct(-L> 2 + lib), 
Bct(-D 2 + + 2ib) = Dct(-i) 2 - 2ib), (54) 

for each spin polarization separately. 

This tells that (|5"Tj) is incorrect. The correct func- 
tional determinant is given by the C-projection of it, 



InDetX = InDet 
+ lnDet 



(-D 2 + 2iaN)(-D 2 - 2iaN) 



(-D 2 + 2bN)(-D 2 - 2bN) 

-- 21nDct(-L> 2 + 2a)(-D 2 + 2a) 
21nDet(-i) 2 - 2ib)(-D 2 - 2ib) 



(55) 



This leads us to 



AS = i InDet[(-£> 2 + 2a)(-L> 2 + 2a)] 
+i\nDct[(-D 2 - 2ib)(-D 2 - 2ib)\ 
-2i\nDet(-D 2 ), 



(56) 



and 



dt 



abt 2 /fi 4 



e™8^r 2 J t 3 - c smh(ai//i 2 )sin(6i/M 2 ) 
exp(-2ai//i 2 ) + exp(+2i6i/M 2 ) - 1 . (57) 

This is the new integral expression of QCD effective ac- 
tion, which should be compared with (|52j) . Obviously 
the C-projection makes (|57[) gauge invariant. As impor- 
tantly, it removes the infra-red divergence of (|52")l . 



At the first glance this might be surprising, but actu- 
ally is not so. The gauge invariance implies the confine- 
ment which implies the generation of a mass parameter, 
which should make the theory infra-red finite. So it is 
natural that the gauge invariance makes (f57| infra-red 
finite. 

When a = or b = 0, the integration is straightfor- 
ward. For pure magnetic background we have 



AC 



lim 

e-s-0 



a/11 2 



dt exp(— 2at/n 2 ' 
t 2 ~ e sinh(at / ft, 2 ) 



so that 32, 33 



a 2 11a 2 a 
£ ^ = -V-48^ (1 V~ C) ' 



(58) 



(59) 



This is identical to the SNO effective action (f3~Tj). except 
that it no longer has the imaginary part. This, of course, 
assures the stability of the monopole condensation. 



For the pure electric background we have 



AC = lim 



b/n 2 



dt exp(+2ibt//j, 2 ) 



8tt 2 J t 2 ~ 



so that 32, 33 



-e// 



2<? 2 

To summarize we have 

^ 2 11a 2 



C 



eff 



a 

¥ 



lib 2 „ b 



n a 
In — 

M 

6 



sin(6i / y?) 



lib 2 



96tt 



(60) 



(61) 



2a 2 48tt 

116 2 
-i 

967T 



48tt 2 

1152 n 

2( ln 



c) 



(62) 







Notice that when a = the imaginary part has a neg- 
ative signature, which implies the pair annihilation of 
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gluons. This must be contrasted with the QED effec- 
tive action where the electron loop integral generates a 
positive imaginary part [13, HE] ■ The positive imaginary 
part in QED means the pair creation which generates the 
screening. On the other hand in QCD we must have the 
anti-screening to explain the asymptotic freedom, and 
the negative imaginary part is what we need [32l |33| . 



Observe that ([591) and (jfiTj) are related by the electric- 
magnetic duality (32j . We can obtain one from the other 
simply by replacing a with —ib and b with ia. This du- 
ality, which states that the effective action should be in- 
variant under the replacement 



-ib, 



(63) 



was first discovered in the QED effective action [35j . But 
subsequently this duality has also been shown to exist in 
the QCD effective action [32j]. This tells that the duality 
should be regarded as a fundamental symmetry of the ef- 
fective action of gauge theory, Abelian and non-Abelian. 
The importance of this duality is that it provides a very 
useful tool to check the self-consistency of the effective 
action. The fact that ([59)) and (|61|) are related by the 
duality assures that they are self-consistent. 

Clearly we can arrive at the same conclusion using the 
Abelianized QCD Lagrangian (fT9| . The only difference 
is that in the Abelianized QCD, we integrate out the 
complex valence gluons [HI, HI] . 

The evaluation of the integral (1571) for arbitrary a and 
b is not easy. Even in the "simpler" QED, the integration 
of the effective action has been completed only recently 
35]. But we can do the integration for arbitrary ab =^ 0, 
and prove that the monopole condensation is the true 
minimum of the effective potential [36j j . 



VI. INFRA-RED REGULARIZATION BY 
CAUSALITY 



The above analysis tells that the gauge invariance (the 
C- projection) resolves the instability of the SNO vacuum. 
But notice that this instability is not just the problem of 
the SNO vacuum but the problem of the QCD effective 
action, which originates from the infra-red instability of 
QCD itself. 

To amplify this notice that the infra-red divergence in 
(f29|) was obtained with the Savvidy background, but the 
one in ([52"[) was obtained with the monopole background. 
This tells that the infra-red divergence could be viewed 
as a generic feature of QCD effective action which arises 
in both Savvidy and monopole background, whose origin 
can be traced back to the absence of a mass scale. If so, 
one may ask if there is any way to control this infra-red 
instability. 

Of course we have already pointed out that this is due 
to the mishandling of the gluon functional determinant. 



Indeed the C-projection removes this infra-red divergence 
by changing ([52")) to (|57|) . But we may still ask if there is 
another way to remove the infra-red instability directly 
from ([52"[) . The answer is yes [HI, HU . 

To see this remember that the effective action can 
be viewed as the generating functional of the vacuum 
to vacuum transition amplitude in the presence of the 
monopole background C M [271 ] . 



exp [iSe//] = 

= ^2(Q, + \ni)(ni\Cl- 
|n*> 



(64) 



where is the vacuum at t — ±oo, \rii) is a complete 
orthonomal set of colored gluon states, and the gluon 
loop integral in (|52[) corresponds to the summation. To 
calculate this amplitude, of course, we must use physi- 
cal |f2±) and physical \rii). But obviously the tachyonic 
states are not physical because they violate the causal- 
ity, so that they should be excluded from the summa- 
tion. The question is how. We can do that performing 
the integral correctly, with the infra-red regularization 
by causality [32 1. 



To do that we start from the integral ([52]) . and con- 
sider the pure magnetic background first. To impose 
the infra-red regularization by causality, we go to the 
Minkowski-timc with the Wick rotation, and find 32] 



AC+ = 
AC- = 



lim 



AC = AC 



— lim 



167T 2 



e-S-0 167T 2 



dt exp(— 2iat//j 2 ) 

¥^ sin(ai/M 2 ) ' 
dt exp(+2iat / n 2 ) 
t 2 -* sin(at/ii 2 ) 



(65) 



In this form the infra-red divergence has disappeared, 
but now we face an ambiguity in choosing the correct 
contours of the integrals. 

Fortunately we can resolve this ambiguity imposing 
the causality. To see this notice that the two integrals 
AC+ and AC- originate from two determinants (— D 2 + 
2a) and (—D 2 — 2a), but the standard causality argument 
(with the familiar Feynman prescription p 2 — > p 2 — ie) 
requires us to identify 2a in the first determinant as 2a— ie 
but in the second determinant as 2a + ie. This tells that 
the poles in the first integral in (p5|) should lie above the 
real axis, while the poles in the second integral should 
lie below the real axis. From this we conclude that the 
two integrals become complex conjugate to each other. 
This guarantees that AC is explicitly real, without any 
imaginary part. Moreover the real part of AC+ and AC- 
must be the same. So with this infra-red regularization 
by causality we obtain [32j 

a 2 11a 2 a 
£e// = -V-48^ (1 V _C) ' 
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which is identical to (l59l). 



For the pure electric background the infra-red regu- 
larization by causality, with a similar reasoning, yields 

MM 



-eff 



2ff 2 



lib 2 

48^ 



(In. 



c) 



11&2 

967 



which is identical to (fBlj) . This confirms that we can 
indeed control the infra-red instability of the effective 
action by causality. It is really remarkable that two com- 
pletely independent principles, the gauge invariance and 
the causality, produce exactly the same result. 

Of course, this infra-red regularization by causality 
could make the SNO vaccum stable. But this is not the 
point. As we have emphasized, the SNO vacuum can 
not be the QCD vacuum independent of whether it is 
stable or not. It violates the gauge invariance and the 
parity. Nor does it tell that the ^-function regularization 
is wrong. It works well with ([57]) . This merely tells that 
there is a physical regularization which can correct the 
infra-red instability of (|52[) . independent of what is the 
QCD vacuum. 



VII. PERTURB ATIVE CONFIRMATION 



There is another powerful way to calculate the imag- 
inary part in the effective action. This is because in 
massless gauge theories (in particular in QCD) the imag- 
inary part of the one-loop effective action is of the or- 
der of g 2 , so that we can actually calculate it pertur- 
batively [HI, |37j ■ Considering that the effective action is 
essentially non-perturbative, this is unexpected. But this 
has been demonstrated in both massless QED and QCD 

MM- 



In QED Schwinger has obtained the following effective 
action perturbatively to the order e 2 [34| 

e 2 f 

ASqed = / d4 P F ^(p) F ^{-p) 



x / dv— 
Jo (1 



v 2 (l-v 2 /3) 
— v 2 ) + 4m 2 /p 2 



(66) 



where m is the electron mass. From this he observed 
that when — p 2 > 4m 2 the integrand develops a pole at 
V 2 = 1 + 4rn 2 /p 2 which generates an imaginary part, and 
explained how to calculate it. But notice that in the 
massless limit, the pole moves to v = 1. In this case the 
pole contribution to the imaginary part is reduced by a 
half, and we obtain 



7m C. 



QED 



m=0 




6 = 0, 



a = 0. 



(67) 




FIG. 4: The Feynman diagrams that contribute to the effec- 
tive action at g 2 order. Here the straight line and the dotted 
line represent the valence gluon and the ghost, respectively. 



This is exactly what we obtain from the non-perturbative 
QED effective action in the massless limit [H, HH . 

In QCD we can find the imaginary part either by 
calculating the one-loop Feynman diagrams directly, or 
by evaluating the integral (|52l) to the order g 2 using 
Schwinger's method. Here we do this with the Feynman 
diagrams. 

For an arbitrary monopole background there are four 
Feynman diagrams that contribute to the order g 2 which 
are shown in Fig. 4. The sum of these diagrams (in the 
Feynman gauge with dimensional regularization) gives us 

m 



AS = - 



llg 2 



967T 



j d 4 P H^(p)H^(-p) 



(68) 



where C\ is a regularization-dependent constant. Clearly 
the imaginary part could only arise from the logarith- 
mic term ln(p 2 //i 2 ), so that for a space-like p 2 (with 
/i 2 > 0) the effective action has no imaginary part. But 
a space-like p 2 corresponds to a magnetic background. 
This means that (|52l) has no imaginary part when 6 = 0, 
at least at the order g 2 . 

To evaluate the imaginary part for an electric back- 
ground we have to make the analytic continuation of (|68[) 
to a time-like p 2 . In this case the causality (again with 
the Feynman prescription p 2 — > p 2 — ie) dictates us to 
have 



ln(^ 



so that we obtain 



Im AC = 





lib 2 
96tt 



(p 2 < o), 

(6 = 0), 
(o = 0). 



(69) 



(70) 



Obviously this is identical to (|6"2"|) . And we can reproduce 
the same result using the Schwinger's method [331 ] - 

It might look surprising that both the infra-red reg- 
ularization by causality and the perturbative calculation 
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produce the same imaginary part. But this is natural, 
because both are based on the causality. 

This confirms that we can control the infra-red in- 
stability of QCD effective action if we treat it correctly. 
In particular this tells that the tachyonic modes in (jij2")) 
are indeed unphysical mirage which should not have been 
there in the first place. They come into the calculation 
of the functional determinant by default. 



VIII. DIMENSIONAL TRANSMUTATION 




FIG. 5: The effective potential of SU(2) QCD in the monopole 
background. Here (a) is the effective potential and (b) is the 
classical potential. 



The effective action ([55)1 generates the much desired 
dimensional transmutation in QCD, the phenomenon 
Coleman and Weinberg first observed in massless scalar 
QED [lH, H3] ■ To demonstrate this notice that the effec- 
tive action (1591) provides the following effective potential 



V = 



2.9 2 



1 



llff 2 

24^ 



(ln^-c) 



So, defining the running coupling g by 32, 3 



d 2 V 



da 2 



we have 
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24^r 



(In 



1 



-9 



(71) 



(72) 



_8g llf 



(73) 



This is exactly the same /3-function in perturbative SU(2) 
QCD which assures the asymptotic freedom [38| . 

In terms of the running coupling the renormalized po- 
tential is given by 

• 2 r llo 2 n a 
l + ^(hw 



V' 



(V 



24tt 2 ii* 

which generates a non-trivial local minimum at 



(74) 



/i 2 exp 



24^ 2 



1 . 



(75) 



llg 2 

Notice that with a s = 1 we have 

^ = 0.48988... (76) 
A* 

This is nothing but the dimensional transmutation by 
the monopole condensation. The corresponding effective 
potential is plotted in Fig. 5, where we have assumed 
a s — 1 and fi 2 = 1. 

Nelsen and Olesen have suggested that the existence 
of the unstable tachyonic modes are closely related with 
the asymptotic freedom in QCD 14]. Our analysis tells 
that this is not true. Obviously the asymptotic freedom 
shown in (|73|) follows from the stable monopole conden- 
sation in the absence of tachyons. 



IX. DISCUSSION 



Establishing the dimensional transmutation by the 
monopole condensation in QCD has been extremely diffi- 
cult to attain. Savvidy and many others had the correct 
idea, but made serious mistakes in implementing the idea. 
Their calculations (in particular their Abelian decompo- 
sition) were not gauge independent. This in itself may 
not be a serious problem, but the old calculations have 
two critical defects. First, they have chosen the wrong 
background which is neither gauge invariant nor parity 
conserving. This is the problem of the SNO background. 
Second, they have failed to impose the gauge invariance 
in the gluon loop integral. This is the problem of the 
infra-red instability of the effective action. 

The first problem arises because the old calculations 
neglected the fact that there are actually two possible 
magnetic backgrounds in QCD, the SNO background and 
the monopole background, but only the monopole back- 
ground qualifies to be the QCD vacuum because only 
this background is gauge invariant and parity conserv- 
ing. This is because they did not take into account the 
fact that the restricted potential has a dual structure. 

The second problem, the infra-red instability of the 
effective action, originates from the fact that the old cal- 
culations failed to implement the gauge invariance in the 
calculation of the gluon functional determinant properly. 
In this paper we have shown how the C-projection makes 
the functional determinant gauge invariant and removes 
the tachyonic modes which cause the effective action un- 
stable. This assures the stable monopole condensation. 



The Abelian decomposition (fT0|) provides a perfect 
setting for us to calculate the one-loop effective action of 
QCD. This decomposition separates not only colored po- 
tential but also the monopole gauge independently, and 
allows us to choose the gauge invariant monopole back- 
ground. Moreover it also tells exactly how each term 
transforms under the gauge transformation (the color re- 
flection), and tells how to obtain the gauge invariant ef- 
fective action with the color reflection. So using this de- 
composition, we can calculate the correct effective action 
and establish the stable monopole condensation. 



14 



An unavoidable consequence of the monopole conden- 
sation is the existence of two magnetic glueballs, the ++ 
and 1 ++ modes of the vacuum fluctuation, which are not 
made of the valence gluons. This is because the monopole 
condensation induces two scales, the correlation length 
of the monopoles and the penetration length of the color 
flux Q. Obviously they are similar to the Higgs scalar 
and the massive photon that we have in spontaneous 
symmetry breaking, and it is very difficult to avoid these 
modes if we believe in the monopole condensation. The 
challenge now is to confirm (or disprove) the existence of 
these magnetic glueballs experimentally. 

The existence of the tachyonic modes which caused 
the infra-red instability of the effective action has been a 
headache, the Gordian knot, in QCD. It was there, and 
nobody knew how to resolve this puzzle. In fact it has 
been thought that this infra-red instability is an essen- 
tial characteristic, a sacred feature, of QCD which comes 
from the absence of a mass parameter. But in this paper 
we have shown that the tachyons are an unphysical mi- 
rage which should not have been there in the first place. 
They disappear when we calculate the effective action 
correctly. The gauge invariance, the infra-red regular- 
ization by causality, and the perturbative calculation of 
the imaginary part all confirm that there is no infra-red 
instability in the QCD effective action. 

As we have emphasized, in physics tachyons appear 
when we do something improper or choose something un- 
physical. In spontaneous symmetry breaking tachyons 
appear when we choose the false vacuum. Similarly, in 
NSR string we have the tachyonic vacuum when we do 
not impose the modular invariance and supersymmetry 
with the G-projection [lj| Il9j . Here we have the same 
situation. The tachyons appear when we we do not im- 
plement the gauge invariance to the gluon functional de- 
terminant correctly. This tells that there is nothing mys- 
terious about the tachyons in QCD. 

It is not surprising that the gauge invariance plays the 
key role to generate the stable monopole condensation. 
From the beginning the gauge invariance has been the 
main motivation for the confinement. It is this gauge in- 
variance which forbids any colored object from the physi- 
cal spectrum of QCD. So it is only natural that the gauge 
invariance assures the stability of the monopole conden- 
sation, and thus the confinement of color. 

The Abelian dominance conjecture has been a very 
popular confinement mechanism 0, H| • But actually it 
is a misleading and confusing conjecture. Obviously it is 
hollow unless it tells what is the Abelian part, and the 
maximal Abelian gauge © does not tell what is that. 
The gauge independent Abelian projection ([3]) does tell 
what is the Abelian part, but here the Abelian part has 
a dual structure. So we have to tell which is important 
in the Abelian dominance. 

Our analysis confirms that it is the monopole which 
provides the confinement. And this has been endorsed 



by the recent lattice calculation [8, 9] . This is made pos- 
sible because we have the Abelian projection which 
projects out (not only the Abelian potential but also) the 
monopole potential gauge independently. 

It must be emphasized, however, that the monopole 
condensation should really be understood as the 
monopole-antimonopole condensation. This is because in 
QCD the monopole and anti-monopole are gauge equiv- 
alent, because they are the C- parity partners [28j. 

One may wonder if there is any classical monopole- 
antimonopole configuration which can suggest the sta- 
ble monopole condensation. Indeed there is. It has 
been shown that a pair of monopole-antimonopole strings 
becomes stable under the quantum fluctuation, if the 
distance between two strings becomes less than a crit- 
ical distance [3!|. This strongly implies that monopole- 
antimonopole pairs can be stable against the quantum 
fluctuation. 

At this point one may ask what is wrong with the 
SNO effective action. Obviously it is not the effective 
action of QCD. But we can certainly say that it is the 
effective action of a U(l) gauge theory coupled to a mass- 
less charged vector field which has no charge conjugation 
(color reflection) invariance. This is not QCD, but actu- 
ally a sick theory. It is well known that such theory (a 
theory of massless charged vector field which has no non- 
Abelian gauge invariance) is ill-defined. So there is noth- 
ing wrong with the SNO effective action, except that it 
is the effective action of a sick theory. And the problems 
of the SNO vacuum arc the symptoms of this sickness. 

It is truly remarkable (and surprising) that the prin- 
ciples of quantum field theory allow us to demonstrate 
confinement within the framework of QCD. There has 
been a proof of confinement in a supersymmetric QCD 
40]. Our analysis shows that we can actually establish 
the existence of the confinement phase within the conven- 
tional QCD, with the existing principles of quantum field 
theory. This should be interpreted as a most spectacular 
triumph of quantum field theory itself. 

We conclude with the following remarks: 

1. To show that the monopole condensation is the true 
vacuum of QCD, we have to integrate the effective ac- 
tion (1571) for an arbitrary chromo-electromagnetic back- 
ground. This is not easy but doable, and we can show 
that indeed the monopole background remains a true 
minimum of the effective potential, at least at one-loop 
level [H, EH . 

2. In this paper we have neglected the quarks. We simply 
remark that the quarks, just as in the asymptotic free- 
dom, tend to destabilize the monopole condensation. But 
if the number of quarks arc small enough, the condensa- 
tion remains stable. In fact the stability puts exactly the 
same constraint on the number of quarks as the asymp- 
totic freedom [3E|ii|. 

3. In real QCD, of course, we have to deal with SU(3). 
We can do this, and the generic feature of the SU(2) 



15 



QCD, in particular the dimensional transmutation by the 
monopole condensation, remains the same [4l| . 

The calculation of the QCD effective action for ab ^ 
which includes the contribution of the quark loop will be 
published separately (4lj . 
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